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Abstract
In [1], in the context of domain wall backgrounds, it was shown that spon-
taneous breaking of diffeomorphism invariance results in gravitational Higgs
mechanism. Recently in [2] ’t Hooft discussed gravitational Higgs mechanism
in the context of obtaining massive gravity directly in four dimensions, and
pointed out some subtleties with unitarity. We attribute these subtleties to
breaking time-like diffeomorphisms, and discuss gravitational Higgs mecha-
nism with all but time-like diffeomorphisms spontaneously broken. The re-
sulting background is no longer flat but exhibits expansion, which is linear
in time. For space-time dimensions D ≤ 10 the background is stable and
has no non-unitary propagating modes. The absence of non-unitary modes is
due to the unbroken time-like diffeomorphism invariance. The physical states
correspond to those of a massive graviton. The effective mass squared of the
graviton is positive for D < 10, and vanishes for D = 10. For D > 10 the
graviton modes become effectively tachyonic. The special value of D = 10,
which coincides with the critical dimension of superstring theory, arises in our
setup completely classically.
1 Introduction and Summary
Unbroken gauge symmetries are associated with massless gauge particles. Photon,
to a very high precision, is one such gauge particle. Some gauge symmetries (e.g.,
electroweak), on the other hand, are spontaneously broken, and (some of) the cor-
responding gauge particles acquire masses via Higgs mechanism. A scalar particle
is “eaten” by a massless gauge boson, which produces a massive vector boson.
General coordinate reparametrization invariance has its own massless particle,
a graviton. Spontaneous breaking of diffeomorphism invariance can then also be
expected to be associated with gravitational Higgs mechanism, where the graviton,
or some of its components if such breaking is incomplete, would acquire mass.
Gravitational Higgs Mechanism was discussed in detail in [1] in the context of
domain wall backgrounds. In such backgrounds diffeomorphisms in the direction
transverse to the domain wall are spontaneously broken by a scalar field. This
then results in gravitational Higgs mechanism. Thus, the D-dimensional theory has
D(D − 3)/2 graviton modes, plus one scalar mode. The scalar fluctuations can
be gauged away by the diffeomorphism in the transverse direction. Graviphotons
can be gauged away using the remaining (D − 1) diffeomorphisms. The remain-
ing graviscalar component cannot be gauged away but has no normalizable (neither
plain-wave nor quadratically normalizable) modes. If the domain wall interpolates
between two AdS vacua (finite volume in the transverse direction), we have one
quadratically normalizable massless (D− 1)-dimensional graviton mode, and a con-
tinuum of plain-wave normalizable massive (D − 1)-dimensional graviton modes1.
If the domain wall interpolates between an AdS vacuum and a Minkowski vacuum
(infinite volume in the transverse direction), we have a continuum of plain-wave
normalizable (D − 1)-dimensional graviton modes, including the massless one.
One of the key points of [1] is that in backgrounds with spontaneously (as op-
posed to explicitly) broken diffeomorphisms extra modes can be gauged away using
these diffeomorphisms as the equations of motion are invariant under the full dif-
feomorphism invariance of the theory. Subsequently, gravitational Higgs mechanism
was discussed in various contexts, see, e.g., [4, 5, 6]. For earlier works, see, e.g.,
[7, 8]. For a recent review of massive gravity in the context of infinite volume extra
dimensions, see, e.g., [9] and references therein. For a recent review of spontaneous
breaking of diffeomorphism symmetry in the context of Lorentz violating Chern-
Simons modification of gravity, see [10] and references therein.
Recently, ’t Hooft discussed gravitational Higgs mechanism in the context of
obtaining massive gravity directly in four dimensions [2]2. One of the motivations
for ’t Hooft’s work, and a very compelling one, is actually QCD. If QCD is to be
described by string theory, all known consistent versions of which contain massless
gravity, then the graviton should presumably somehow acquire mass. Gravitational
1Finite volume solutions with explicitly broken diffeomorphism invariance were originally dis-
cussed in [3].
2I would like to thank Olindo Corradini for pointing out ’t Hooft’s paper.
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Higgs mechanism is one way of approaching this problem.
Thus, ’t Hooft considered a four-dimensional background where diffeomorphisms
are broken spontaneously by four scalar fields whose VEVs are proportional to the
four space-time coordinates. This is not a static background as one of the four
scalars is time-dependent. Einstein’s equations then have a flat solution if a negative
cosmological constant term is introduced. Linearized gravity in this background is
massive, but one non-unitary mode (the trace of the spatial part of the graviton)
is also propagating. As we discuss in the following, the reason why is that the
massless graviton has two propagating degrees of freedom, while the massive one
has five. There are four scalars in this setup, and only three can be “eaten” in the
gravitational Higgs mechanism. There is therefore an extra non-unitary degree of
freedom, which does not decouple. The reason for this non-unitarity can be traced to
the fact that one of the four scalars, the one that breaks time-like diffeomorphisms, is
(effectively) time-like. In [2] two ways of removing this non-unitarity were discussed.
The above count of propagating degrees of freedom suggests the following ap-
proach. Since, in four dimensions, the massless graviton has two propagating degrees
of freedom, and the massive graviton has five propagating degrees of freedom, three
scalars should suffice for gravitational Higgs mechanism. In this note we discuss
precisely such a setup, where in D dimensions (D − 1) scalars spontaneously break
diffeomorphism invariance in all of the spatial directions3. The resulting background
is not a Minkowski space but a conformally flat expanding background4. We analyze
small fluctuations in this background and show that the only propagating degrees
of freedom are indeed (D + 1)(D − 2)/2 components of a massive graviton in D
dimensions. So, gravitational Higgs mechanism works exactly as expected without
any non-unitary propagating degrees of freedom.
An interesting feature of our model is that for D > 10 the effective mass squared
of the graviton becomes negative, i.e., the graviton modes become effectively tachy-
onic. The effective mass squared of the graviton is positive for D < 10, and it
vanishes for D = 10. The special value of D = 10, which coincides with the criti-
cal dimension of superstring theories, arises in our setup completely classically. At
present it is unclear if there is a deeper connection here, which would be interesting
to understand.
Since our background is not static, it is not clear if it is directly applicable to
the aforementioned QCD related motivation, albeit the connection to D = 10 is
intriguing even in this context. In this regard it would be interesting to see if one
can construct static, and perhaps even flat, backgrounds with spontaneously broken
(spatial) diffeomorphisms where we expect to have massive gravity via gravitational
Higgs mechanism. However, this is beyond the scope of this note, whose purpose
is simply to illustrate how gravitational Higgs mechanism works in this context.
On the other hand, our findings could perhaps have implications for the cosmolog-
3One other difference from ’t Hooft’s case is that the cosmological constant here is vanishing.
4So, just as in ’t Hooft’s case this background is not static, but here it is the metric that is time
dependent, while in ’t Hooft’s case it was one of the scalars.
ical constant problem. In particular, our background exhibits linear (as opposed
to exponential as in the positive cosmological constant case) expansion while the
cosmological constant is actually vanishing. The corresponding length scale is set
by the spontaneous symmetry breaking. This might be one approach to avoiding
fine tuning. In particular, it would be interesting to see if this can be useful in the
context of the accelerating universe [11].
2 Spontaneous Symmetry Breaking
Consider d real scalar fields φa (a = 1, . . . , d) coupled to gravity with the following
action:
S = MD−2
P
∫
dDx
√
−G [R−∇Mφa∇Mφa] , (1)
where MP is the D-dimensional (reduced) Planck scale. The space-time coordinates
xM ,M = 0, . . . , D−1 have metric with signature (−,+, . . . ,+). The indices a, b, . . .
are raised and lowered with Euclidean metric δab, δab, so the scalar sector possesses
SO(d) global symmetry. In the following we will be interested in cases where d =
D − 1.
The equations of motion read:
∇2φa = 0 , (2)
RMN −
1
2
GMNR = ∇Mφa∇Nφa −
1
2
GMN∇Sφa∇Sφa . (3)
In the following we will be interested in solutions that break (part of) the D-
dimensional diffeomorphisms spontaneously. Thus, solutions with
φa = m δaM x
M , (4)
where m is some constant, spontaneously break diffeomorphisms in the spatial di-
rections while at the same time preserving the SO(d) global symmetry.
It is not difficult to check that (4) indeed gives a solution to (2) if the metric
has the following conformally flat form (ηMN is the flat D-dimensional Minkowski
metric):
ds2 = exp(2A)ηMNdx
MdxN , (5)
where the warp factor A is independent of the spatial coordinates xi, i = 1, . . . , D−1,
and only depends on the time coordinate τ ≡ x0. With this Ansatz we have the
following equations of motion for A (prime denotes derivative w.r.t. τ):
(D − 2)(A′)2 = m2 , (6)
A′′ = 0 . (7)
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Here the first equation follows from the (00) component of (3), and the second
equation follows from a linear combination of (6) and the (ij) component of (3).
Our background is therefore given by (4) and
A(τ) =
m√
D − 2 (τ − τ0) , (8)
where τ0 is an integration constant. Note that this expanding solution is not the same
as that in the positive cosmological constant case. Thus, instead of the coordinates
τ, xi let us switch to the coordinates t, xi, where the time coordinate t in the metric
is not warped:
ds2 = −dt2 + m
2
D − 2 (t− t0)
2 dxidxi , (9)
where t0 is an integration constant. In the positive cosmological constant case the
corresponding expansion factor is actually exponential. Moreover, in the positive
cosmological constant case the scalar curvature is constant, while in our case it is
time-dependent:
R = (D − 1)(D − 2)(t− t0)−2 . (10)
In the following, in studying the propagating modes in this background, we will
assume that we are far enough into the future away from the “crunch” point t = t0.
3 Propagating Modes
In this section we discuss the physical modes propagating in the background of the
previous section. Thus, let us consider small fluctuations around the metric (5)
GMN = exp(2A)
[
ηMN + h˜MN
]
, (11)
where for convenience reasons we have chosen to work with h˜MN instead of metric
fluctuations hMN = exp(2A)h˜MN . Also, let ϕ
a be the fluctuations of the scalar fields
around the background (4).
In terms of h˜MN the fullD-dimensional diffeomorphisms (corresponding to x
M →
xM − ξM)
δhMN = ∇MξN +∇NξM (12)
are given by the following gauge transformations (here we use ξM ≡ exp(2A)ξ˜M , and
the indices on tilded quantities are raised and lowered with the Minkowski metric
ηMN , ηMN ):
δh˜MN = ∂M ξ˜N + ∂N ξ˜M + 2A
′ηMNn
S ξ˜S , (13)
where we have introduced a unit vector nM ≡ (1, 0, . . . , 0), nM ≡ (−1, 0, . . . , 0). As
to the scalar fields ϕa, we have:
δϕa = ∇Mφaξ˜M = m δai ξ˜i . (14)
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Since our solution does not break diffeomorphisms explicitly but spontaneously, the
linearized equations of motion are invariant under the full D-dimensional diffeomor-
phisms.
Let us count the number of physical degrees of freedom. Thus, we have Einstein-
Hilbert gravity with D(D − 3)/2 propagating degrees of freedom, plus d = D − 1
scalars. The total number of propagating degrees of freedom is (D + 1)(D − 2)/2,
which is the number of degrees of freedom in massive D-dimensional gravity. In
fact, as we will see in the following, spontaneous breaking of the diffeomorphism
symmetry indeed results in physical degrees of freedom corresponding to massive
gravity.
Let us now see this in more detail. In the following we will keep only first order
terms in h˜MN and ϕ
a in the equations of motion. Next, the linearized equation of
motion (2) and (3) read:
∂M∂Mϕ
a + (D − 2)A′nS∂Sϕa +
m
2
δaS
[
∂S h˜− 2∂N h˜SN − 2(D − 2)A′nN h˜SN
]
= 0 , (15){
∂S∂
S h˜MN + ∂M∂N h˜− ∂M∂S h˜SN − ∂N∂S h˜SM − ηMN
[
∂S∂
Sh˜− ∂S∂Rh˜SR
]}
+
(D − 2)A′
{[
∂S h˜MN − ∂M h˜NS − ∂N h˜MS
]
nS + ηMN
[
2∂Rh˜RS − ∂Sh˜
]
nS
}
+
(D − 2)(D − 3)(A′)2
[
h˜MN + ηMN h˜SRn
SnR
]
=
m2
{
(D − 1)h˜MN − ηMN
[
h˜ + h˜SRn
SnR
]}
+
2m
[
ηMNδa
S∂Sϕ
a − δaM∂Nϕa − δaN∂Mϕa
]
, (16)
where h˜ ≡ h˜M
M
. These equations are indeed invariant under the full diffeomorphism
transformations (13) and (14).
We can now use the (D − 1) diffeomorphisms given by (14) to gauge away the
scalar degrees of freedom ϕa:
ϕa = 0 , (17)
δaS
[
∂Sh˜− 2∂N h˜SN − 2(D − 2)A′nN h˜SN
]
= 0 , (18){
∂S∂
S h˜MN + ∂M∂N h˜− ∂M∂S h˜SN − ∂N∂S h˜SM − ηMN
[
∂S∂
Sh˜− ∂S∂Rh˜SR
]}
+
(D − 2)A′
{[
∂S h˜MN − ∂M h˜NS − ∂N h˜MS
]
nS + ηMN
[
2∂Rh˜RS − ∂Sh˜
]
nS
}
+
(D − 2)(D − 3)(A′)2
[
h˜MN + ηMN h˜SRn
SnR
]
=
m2
{
(D − 1)h˜MN − ηMN
[
h˜ + h˜SRn
SnR
]}
(19)
After this gauge fixing, we have one diffeomorphism remaining, that given by nS ξ˜S.
Note that our background is time dependent, and there are terms involving A′ in
the above equations of motion. Luckily, however, in our background A′ is a constant,
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so (19) is just a second order equation with constant coefficients. The corresponding
propagator is therefore perfectly well behaved in the sense that it should not have
any unexpected singularities. However, we must still make sure that there are no
non-unitary propagating degrees of freedom, and that there are no tachyonic modes.
Let us begin by simplifying the above equation by utilizing (6) and combining
the mass terms:{
∂S∂
S h˜MN + ∂M∂N h˜− ∂M∂S h˜SN − ∂N∂S h˜SM − ηMN
[
∂S∂
Sh˜− ∂S∂Rh˜SR
]}
+
(D − 2)A′
{[
∂S h˜MN − ∂M h˜NS − ∂N h˜MS
]
nS + ηMN
[
2∂Rh˜RS − ∂Sh˜
]
nS
}
=
m2
{
2h˜MN − ηMN
[
h˜+ (D − 2)h˜SRnSnR
]}
. (20)
Next, let
QS ≡ ∂N h˜SN −
1
2
∂S h˜+ (D − 2)A′nN h˜SN . (21)
According to (18), the spatial components of this vector vanish. Note that under
the full diffeomorphisms we have the following transformation property:
δQS = ∂
N∂NξS + (D − 2)A′nR∂RξS + 2m2nSnRξR . (22)
This implies that we can use the remaining (after the gauge fixing (17)) time-like
diffeomorphism nSξS to set n
SQS to zero. We then have:
QS = 0 . (23)
Plugging this into (20), we obtain the following diagonalized equation:
∂S∂
S ĥMN + (D − 2)A′nS∂SĥMN = 2m2ĥMN , (24)
where
ĥMN ≡ h˜MN −
1
2
ηMN h˜ . (25)
This then implies that
∂S∂
S h˜MN + (D − 2)A′nS∂Sh˜MN = 2m2h˜MN , (26)
So, at first it might seem that we have D(D+ 1)/2−D = D(D− 1)/2 propagating
degrees of freedom, D(D+1)/2 components of h˜MN less D conditions (23). However,
the number of propagating degrees of freedom is actually one fewer, i.e., (D+1)(D−
2)/2.
To see this, recall the transformation property for nSQS from (22):
δ(nSQS) = ∂
N∂NΩ+ (D − 2)A′nR∂RΩ− 2m2Ω . (27)
What this means is that as long as Ω ≡ nSξS satisfies the following equation
∂N∂NΩ + (D − 2)A′nR∂RΩ = 2m2Ω , (28)
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the conditions (23) are unaffected. We therefore have residual gauge invariance in
our system. And this residual gauge invariance corresponds to time-like diffeomor-
phisms Ω satisfying the same equation of motion (26) as the graviton components.
In particular, we can use this residual gauge invariance to remove the trace h˜:
δh˜ = 2Ω′ + 2DA′Ω . (29)
So, we now have:
h˜ = 0 , (30)
∂Rh˜SR + (D − 2)A′nRh˜SR = 0 . (31)
We therefore indeed have only D(D − 1)/2 − 1 = (D + 1)(D − 2)/2 propagating
degrees of freedom, which is what we expect for a massive graviton in D dimensions.
Let us now see what the mass of the graviton is. Let
h˜MN = exp
[
−1
2
(D − 2)A
]
HMN . (32)
In terms of HMN the equations of motion read (H ≡ HMM ):
H = 0 , (33)
∂RHSR +
1
2
(D − 2)A′nRHSR = 0 , (34)
∂S∂
SHMN = M
2
HHMN , (35)
where
M2
H
≡ 10−D
4
m2 (36)
is the effective mass squared of the graviton5.
An interesting feature of our solution is that the graviton modes are massive for
D < 10, while for D > 10 they are effectively tachyonic and (at least perturbatively)
the background becomes unstable. For D = 10 the gravity is actually effectively
massless! Our considerations have been of purely classical nature, yet we singled out
the dimensionD = 10 of critical superstring theory, which is a quantum requirement.
It would be interesting to understand if there is indeed a deeper connection here.
Before we end this section let us make the following comment on the validity
of perturbative expansion. If we start at time τ = τ1 such that A(τ1) is of order
one, then moving forward in time the perturbations h˜MN decay compared with the
metric they are expanded around, so the perturbative expansion remains valid.
5We refer to the mass squared appearing in the Klein-Gordon equation as effective mass squared
because our background is actually not static.
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4 Relation to ’t Hooft’s Work
Thus, as we saw in the previous section, spontaneous breaking of spatial diffeo-
morphisms indeed results in massive gravity in an expanding background. In [2] a
somewhat different setup was discussed in the context of obtaining massive gravity.
Here we would like to review ’t Hooft’s work in the language of this paper to make
a connection.
Thus, consider the following action:
S1 =M
D−2
P
∫
dDx
√
−G [R− ZAB∇MφA∇MφB − Λ] , (37)
where Λ is the cosmological constant, and ZAB is a constant metric for the scalar
sector, where A = 0, . . . , D − 1. In the following we will take this metric to be
identical to the Minkowski metric: ZAB = δA
MδB
NηMN .
The equations of motion read:
∇2φA = 0 , (38)
RMN −
1
2
GMNR =
ZAB
[
∇MφA∇NφB −
1
2
GMNZAB∇SφA∇SφB
]
− 1
2
GMNΛ . (39)
There is a solution to this system with flat Minkowski metric:
φA = m δAM x
M , (40)
GMN = ηMN , (41)
where
m2 = −Λ/(D − 2) . (42)
The scalar fluctuations ϕA can be gauged away using the diffeomorphisms:
δϕA = ∇MφAξM = m δAM ξM . (43)
The linearized equations of motion (38) and (39) then read (GMN = ηMN + hMN):
2∂NhMN − ∂Mh = 0 , (44)
∂S∂
ShMN + ∂M∂Nh− ∂M∂ShSN − ∂N∂ShSM − ηMN
[
∂S∂
Sh− ∂S∂RhSR
]
=
m2 [2hMN − ηMNh] , (45)
where h ≡ hM
M
.
We can now see the unitarity issue discussed in [2]. To do this, let us consider a
more general set of equations:
ζ∂NhMN − ∂Mh = 0 , (46)
∂S∂
ShMN + ∂M∂Nh− ∂M∂ShSN − ∂N∂ShSM − ηMN
[
∂S∂
Sh− ∂S∂RhSR
]
=
m2 [ζhMN − ηMNh] , (47)
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where ζ is a parameter. Taking the trace of the second equation, we have:
(D − 2) [∂S∂RhSR − ∂S∂Sh] = −m2(D − ζ)h . (48)
On the other hand,
ζ∂M∂NhMN = ∂
M∂Mh , (49)
so we have the following equation of motion for h:
(D − 2)(1− 1/ζ)∂S∂Sh = m2(D − ζ)h . (50)
This means that, unless ζ = 1, h is a propagating degree of freedom, and since
this degree of freedom has negative norm, the corresponding theory is non-unitary.
The number of degrees of freedom in this model is D(D + 1)/2 (from hMN) less
D (from the condition (46)), which gives D(D − 1)/2. This is massive gravity
plus an undecoupled trace component h, a non-unitary theory. At the special value
of ζ = 1 we have h = 0, and the number of propagating degrees of freedom is
D(D − 1)/2− 1 = (D + 1)(D − 2)/2, which is the number of degrees of freedom of
a massive graviton.
Another way to view the reason for non-unitarity in this model is to note that
we have indefinite metric ZAB for the scalar sector
6. Indeed, effectively, we just
have a massless vector meson φM with the Lagrangian L1 ∼ −∇MφN∇MφN . This
Lagrangian is clearly non-unitary, hence the issue. In [2] two ways of removing this
non-unitarity were discussed. One is to ensure that the matter energy-momentum
tensor does not couple to the non-unitary mode h by assuming that the correspond-
ing coupling has a special form at the classical level. This coupling is expected to
be modified at the quantum level. Another possibility discussed in [2] is to remove
the time-like component φ0 via a non-linear constraint.
Here we would like to mention yet another possibility, which is a well-known
approach for making a vector meson theory unitary – by turning it into a gauge
field. We then have the Lagrangian L2 ∼ −FMNFMN with FMN = ∇MAN−∇NAM .
However, with the massless gauge field we will be able to break diffeomorphisms in
(D − 2) spatial directions by finding solutions with constant FMN . (For instance,
in D = 4, we have two independent vectors, the constant electric field ~E and the
constant magnetic field ~B, and these are related to two spatial directions in which
diffeomorphisms are broken.)In any case, the key here is that unitarity is broken as
soon as we break the time-like diffeomorphism. In the previous section we avoided
this altogether by breaking only (D − 1) diffeomorphisms in the spatial directions,
and we obtained massive gravity with just the correct count of the propagating
degrees of freedom.
6Actually, in [2] the metric ZAB is positive definite, but one of the scalars has imaginary VEV,
φ0 = imt, with the same net effect.
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